We study the quantum sheaf cohomology of flag manifold with deformation of the tangent bundle and use the ring structure to derive how the deformation transforms under the biholomorphic duality of flag manifolds. Realized as the OPE ring of A/2-twisted twodimensional theories with (0,2) supersymmetry, quantum sheaf cohomology generalizes the notion of quantum cohomology. Complete descriptions of quantum sheaf cohomology have been obtained for abelian gauged linear sigma models (GLSMs) and for nonabelian GLSMs describing Grassmannians. In this paper we continue to explore the quantum sheaf cohomology of nonabelian theories. We first propose a method to compute the generating relations for (0,2) GLSMs with (2,2) locus. We apply this method to derive the quantum sheaf cohomology of products of Grassmannians and flag manifolds. The dual deformations associated with the biholomorphic duality give an explicit IR duality of two A/2-twisted (0,2) gauge theories.
Introduction
Quantum cohomology has been an important concept in algebraic geometry and string theory. It captures nonperturbative corrections to charged matter couplings in heterotic string compactification when the gauge connection is determined by the spin connection. In this case, the world sheet theory has (2,2) supersymmetry. The coupling constants of the fourdimensional theory can be computed by the A and B model topological field theory. The OPE ring of the A model gives rise to the quantum cohomology, which has also been well studied in mathematical literature.
Quantum sheaf cohomology is a generalization of quantum cohomology. It emerges when the world sheet theory has only (0,2) supersymmetry. In this case, the charged matter couplings can be computed by the A/2 and B/2 pseudo-topological field theories [1] . The moduli space of the (0,2) theory may contain a locus on which supersymmetry is enhanced to (2, 2) . It was shown in [2] that the OPE rings of A/2 and B/2 models, which are finitedimensional truncations of the infinite-dimensional chiral ring, are still topological at least in a neighborhood of the (2,2) locus.
Quantum sheaf cohomology is OPE ring of the A/2 model, which reduces to the ordinary quantum cohomology on the (2,2) locus. If the left moving fermions couple to a vector bundle E over the target space X, then the underlying bigraded vector space of this ring is
whose product structure encodes the (0,2) generalization of Gromov-Witten invariants. On the moduli space of (0,2) deformations, there are codimension-one degenerate loci, along which the theory does not define a vector bundle or the quantum sheaf cohomology cannot be described as a deformation of the ordinary quantum cohomology. But if the moduli space has a (2,2) locus, then these loci do not intersect the (2,2) locus. We take the (0,2) deformations discussed in this paper to be generic so that they do not lie on the degenerate loci.
Quantum sheaf cohomology on toric varieties has been studied in detail. A general description of the ring structure has been found from both physical perspectives [3, 4] and mathematical perspectives [5, 6] . It is shown that the quantum sheaf cohomology can be represented by generators and relations.
A first step toward a description of the quantum sheaf cohomology associated with nonabelian GLSMs is the study of deformed tangent bundles of Grassmannians. A purely mathematical derivation of the classical sheaf cohomology of Grassmannians can be found in [7] . Quantum corrections are taken into account in [8] by using the relations encoded in the one-loop effective potential.
In this paper, we first propose a method to compute the ring relations of quantum sheaf cohomology for any (0,2) GLSM which has a (2,2) locus on its moduli space. Though the one-loop effective potential on the Coulomb branch encodes the quantum relations, it does not contain enough information for the purpose of writing down all the relations in a gauge invariant way. So our idea is to make use of the localization formula of [9] to deduce the classical relations and then use the one-loop relations to incorporate quantum corrections. We describe this method in detail in section 2.2.
We first apply this method to Grassmannians to reproduce the result of [7, 8] and generalize it to the direct product of an arbitrary number of Grassmannians. We then use this method to study the quantum sheaf cohomology of deformed tangent bundles of flag manifolds. The flag manifold F (k 1 , k 2 , · · · , k n , N) can be described by the geometric phase of an N = (2, 2) GLSM with
gauge group, one chiral multiplet in the bifundamental representation of U(k i ) and U(k i+1 ) for each i and N chiral multipliets in the fundamental representation of U(k n ) [10] . We deform the theory by turning on nontrivial E-terms and thus break the (2,2) supersymmetry to (0,2) supersymmetry. The deformation of the E-terms is parameterized by a set of constants u s t and a set of N × N matrices A t for t = 1, · · · , n, s = 1, · · · , n − 1. It turns out that the quantum sheaf cohomology of flag manifolds can be written as where I and R are ideals of relations to be computed in later sections. In this representation, only the ideal R depends on the (0,2) deformation.
There is a biholomorphic duality between
given by the data u s t and A t , there should be a dual deformation on and A t , we get a pair of (0,2) GLSMs in IR duality, an analogue of Seiberg duality. One side of the duality is a U(
quiver gauge theory. The same problem can be studied for product of Grassmannians. We will solve this problem in section 4 by using ring relations of the quantum sheaf cohomology. This paper is organized as follows. In section 2 we first discuss general issues regarding (0, 2) deformation of GLSMs and then address our algorithm computing the ring structure of quantum sheaf cohomology corresponding to (0, 2) theories with (2,2) locus. We apply this method to deformed tangent bundles of Grassmannians and products of multiple Grassmannians. We study general flag manifolds in section 3. We first review the structure of ordinary quantum cohomology and rewrite it in a form that is suitable for generalizing to the (0,2) case. Then we use our method to compute the quantum sheaf cohomology of flag manifolds. In section 4, we derive the explicit relationship between the (0,2) deformations associated with the biholomorphic duality of flag manifolds. This correspondence amounts to an analogue of Seiberg duality of (A/2-twisted) (0,2) quiver gauge theories.
2 Quantum sheaf cohomology of (0,2) GLSMs 2.1 (0,2) deformation
As mentioned in the introduction, we only consider N = (0, 2) GLSMs with N = (2, 2) loci. Since our interests lie in quantum sheaf cohomology, which does not depend on J-terms or nonlinear deformations, we can assume that the theory under consideration is defined by some linear deformation of the E-terms of an N = (2, 2) theory. More precisely, let's consider a GLSM with gauge group G and corresponding Lie algebra g. The theory consists of a g-valued vector multiplet, a chiral multiplet Σ in the adjoint representation of g, chiral multiplets Φ i and Fermi multiplets Λ i . For each i, Φ i and Λ i are in the same representation R i of g. The E-functions are given by
where E i is a holomorphic function linear in Σ and in each Φ j . On the (2,2) locus, the E functions are given by
where Σ acts on Φ i according to the representation R i .
For example, the Grassmannian G(k, N) is described by a U(k) gauge theory with N chiral multiplets and N fermi multiplets in the fundamental representation of U(k). Then the E-functions with linear deformation are given by
up to a field redefinition, where α, β are gauge indices and A is an N × N matrix. If we take S to be the universal bundle and V to be the trivial bundle of rank N over G(k, N), then the deformation given above defines a deformed tangent bundle through the short exact sequence
The above map g can be represented as
, where x is the homogeneous coordinate of the Grassmannian. On the (2,2) locus A = 0 and E becomes the tangent bundle. For special values of A, the deformation does not define a vector bundle or the quantum sheaf cohomology is not a deformation of the ordinary quantum cohomology. These values form codimension-one subvarieties, called the degenerate loci, of the whole (0,2) moduli space, see [7, 8] for more detail.
For the theories studied in this paper, we only consider the generic case, i.e. we assume the (0,2) deformation is not on the degenerate loci of the moduli space.
Ring structure
The ring structure of quantum sheaf cohomology can be derived from the OPE on the Coulomb branch. We denote the scalar component of Σ by σ. On the Coulomb branch, the operators in the quantum sheaf cohomology correspond to gauge invariant polynomials in the diagonal elements of σ. For example, for the Grassmannian G(k, N), because the Weyl group is the permutation group of k elements, the operators in the quantum sheaf cohomology are symmetric polynomials in the diagonal elements of σ.
For Grassmannians, the classical relations have been derived using purely algebro-geometric techniques in [7] , and quantum corrections are computed in [8] by use of the one-loop effective potential on the Coulomb branch.
In this paper we are going to study more complicated nonabelian gauge theories and we will adopt another approach. This approach makes use of the localization formula of [9] and equations of motion derived from the one-loop effective potential. We now discuss the idea of this approach.
On the Coulomb branch, the E-functions read
where E a i are holomorphic functions. Then the mass matrix of the matter multiplets is
Gauge invariance and the U(1) R symmetry imply that the matrix M is block diagonal, with each block mixes the fields with the same R-charge and the same weight of the gauge symmetry. Let us denote by M (γ,ργ ) the block associated with the weight ρ γ of the representation γ of the gauge group. We denote by r γ the R-charge of the corresponding chiral multiplet 1 . For the theories we consider in this paper r γ = 0. The common zero set of all the M (γ,ργ ) 's is the origin.
The localization formula of [9] expresses the A/2-twisted correlation functions on the sphere as a sum over flux sectors with each summand given by a Jeffrey-Kirwan-Grothendieck residue. Explicitly, for any operator O(σ) written as a gauge invariant polynomial, the correlation function is
where
Here W is the Weyl group of the gauge group. N * is the number of chiral multiplets with R-charge 2.
is the dual lattice of the weight lattice and
with τ a the complexified FI parameter. In (4), the first product is taken over all the positive roots of the gauge group. We define
In (3), JKG − Res[η] refers to the Jeffrey-Kirwan-Grothendieck residue, which depends on an element η in the dual space of the Cartan subalgebra of the gauge group. The correlation function does not depend on the choice of η. As in [9] , we take η to be the effective FI parameter at infinity on the Coulomb branch:
where ξ is the FI parameter appearing in the FI term of the UV GLSM and
where i runs over all the chiral multiplets and ρ i runs over all the weights of the represenation R i . For example, b a 0 = N for all a = 1, · · · , k in the Grassmannian case described in the last subsection.
An operator O R is zero in the quantum sheaf cohomology if and only if the A/2 correlation function
for any operator O. We will first derive the classical relations, so we take the q → 0 limit in (3) and thus keep only the k = 0 term. As we will see, for the theories we consider in this paper, η lies in the cone spanned by all the weights ρ γ appearing in (4), so the JKG-residue reduces to the ordinary Grothendieck residue at σ = 0. Because r γ = 0, (7) implies
for any operator O. Thus ∆ 2 · O R must lie in the ideal generated by det M (γ,ργ ) with γ and ρ γ running over all the representations and weights of the matter multiplets due to the property of Grothendieck residues 2 .
In general, the quantum sheaf cohomology of the theories we consider has the following form
where A is a free C-algebra, I is an ideal independent of the (0,2) deformation while the ideal R depends on the deformation.
Assuming we know the ideal R on the (2,2) locus, the relations off the (2,2) locus can be found via the following procedure. First, we turn off the (0,2) deformation. Let us denote the mass matrices on the (2,2) locus by M (2,2) (γ,ργ ) . From the discussion above, the (2,2) relations in R multiplied by ∆ 2 can be expressed as polynomials of det M (2,2)
be a set of relations generating R on the (2,2) locus, then we can write
(γ,ργ ) ) for some polynomials P r .
Next we turn on (0,2) deformation and use the expressions of det M (γ,ργ ) with generic deformation to substitute det M (2,2)
Once we rewrite the relations R r above in a gauge invariant way, we get a set of generators of R in the classical limit for generic (0,2) deformation. Note that this is guaranteed because the deformation is not on the degenerate loci.
At a generic point on the Coulomb branch, the effective J-functions are [3, 4, 9]
where a is the index of the Cartan subalgebra. Quantum corrections to the relations can be incorporated by using the equations of motion derived from the effective J-functions above, which read
2 See (0.7) of [11] .
for all a. From these equations one can compute the quantum relations.
Grassmannians
In order to illustrate the idea, let's follow the procedure described in the last subsection to derive the quantum sheaf cohomology of the Grassmannian G(k, N).
Let's denote the diagonal elements of σ by σ a , a = 1, · · · , k. We have seen the operators are given by symmetric polynomials in σ a . Since there are various choices for the basis of symmetric polynomials, we could in principle take any choice to form a basis of the quantum sheaf cohomology. It turns out that the Schur polynomials provide a natural choice due to their geometric interpretation as Schubert classes.
The Schur polynomials in k variables are labeled by dominant integral weights of u(k), which correspond to partitions of integer into at most k parts. We will denote by S µ the Schur polynomial associated with the weight µ. Such a weight can be written as µ = (µ 1 , µ 2 , · · · , µ s ) where the µ i 's form a sequence of nonincreasing integers. We will use (1 s ) to denote the partition of s into s parts, i.e.
(1
The ordinary cohomology ring of G(k, N) can be written as
The ideal R is generated by
and I is generated by
Of course we could use the relations of I to express x as polynomials of y, which read
and thus reproduce the usual representation [12] . The geometric meaning of these relations becomes transparent once we identify x i with the i-th Chern class of the universal bundle S and y j with the j-th Chern class of the universal quotient bundle Q. S and Q are related through the Euler sequence 0 → S → V → Q → 0.
As in [8] , by interpreting the σ a 's as Chern roots of S ∨ , we get
The vanishing of x i for i > k is merely a consequence of the fact that there are k variables. In order to apply our method, we need to express the relations y j multiplied by ∆ 2 as polynomials of det(M (2,2) a ). For that purpose, we need the following definition of Schur polynomials
where ∆ = a<b (σ a − σ b ) (∆ = 1 when k = 1). In the current situation, det(M
on the (2,2) locus. Using (11) and expanding the determinant along the first row, we get
for k > 2 and θ a = 1 for k = 1, 2. Note that
Off the (2,2) locus, the relations x i for i > k are unchanged due to their definition. Assume that the relations y N −k+r for r > 0 are deformed to R N −k+r off the (2,2) locus. To compute R N −k+r we plug the (0,2) expression of det(M a ) into (12). If we use I i (Ω) to denote the i-th characteristic polynomial of a matrix Ω, then
From (12) and (13), we get
Then the ideal R in (9) is generated by {R r | r > N − k} in the classical limit.
To get the quantum relations, we use the identity
which is derived from the one-loop effective J-function
Here we treat q as a degree N element in the quantum sheaf cohomology. From (14) and (13), we get
In view of (10), the identity above means
for r ≥ k in the quantum sheaf cohomology ring. So if we definẽ
then the ideal R is generated by
This is in agreement with the result of [7, 8] .
Product of Grassmannians
In this subsection we use our method to derive some new result, namely the quantum sheaf cohomology on direct product of several Grassmannians. We start with the product of two Grassmannians.
The direct product of two Grassmannians
On the (2,2) locus, the U(k 1 ) and U(k 2 ) sectors are decoupled, there are N 1 chiral multiplets in the fundamental representation of U(k 1 ) and N 2 chiral multiplets in the fundamental representation of U(k 2 ). In (0,2) language, we denote by Φ s and Λ s the chiral and fermi multiplets in the fundamental representation of U(k s ) and by Σ s the chiral multiplet in the adjoint representation of U(k s ) for s = 1, 2. Off the (2,2) locus, the two sectors are coupled through E-functions (5) is indeed in the cone spanned by all the weights of the representation of the chiral multiplets. (17) where I is generated by
and R is generated by
x si and y sj are identified with the i-th Chern class of the universal bundle and the j-th Chern class of the universal quotient bundle of G(k s , N s ) respectively, i.e.
As in the case of a single Grassmannian, we have
for s = 1, 2 on the (2,2) locus, where θ sc = a<b a,b =c (σ sa − σ sb ). Now we turn on (0,2) deformation by assigning nonzero values to the matrices A, B, C and D. Define
for r ≥ 0. From (16) and (18), the right hand side of (19) becomes
Then (19) implies that the classical sheaf cohomology is given by (17) with R generated by
Thus we have obtained the representation of classical sheaf cohomology on G( N 2 ), now we turn to the quantum case.
Vanishing of the effective J-functions implies
Again, to deduce the quantum relations, we simply replace det(M 1a ) and det(M 2α ) on the left hand side of (20) using (21) and employ (13) to get
Note that deg(q 1 ) = N 1 , deg(q 2 ) = N 2 . We conclude that the quantum sheaf cohomology of (22) where I is the same as the (2,2) case and R is generated by
Following the same procedure, the result can be generalized to the direct product of arbitrarily many Grassmannians G(k 1 , N 1 N n ) with the (0,2) deformation given by
where A st is an N s × N s matrix for any t. The generators of the quantum sheaf cohomology are x sis , y sjs for s = 1, · · · , n, i s > 0, j s > 0. The ring can be written as
for i s ≥ 1, where I is generated by 
Flag manifolds
For every sequence of integers (
is a quiver gauge theory with gauge group U(k 1 ) × · · · × U(k n ) [10] . For each s = 1, · · · , n − 1, there is a chiral multiplet Φ s,s+1 transforming in the fundamental representation of U(k s ) and in the antifundamental representation of U(k s+1 ). There are also chiral multiplets Φ i n,n+1 transforming in the fundamental representation of U(k n ), i = 1, · · · , N. The quiver diagram of this theory is
There is a flag of universal subbundles
where the fibers of these bundles at any point of the flag manifold form the flag corresponding to that point, so S i has rank k i . We can regard Φ s,s+1 as the inclusion map S s → S s+1 . The conjugate of Φ s,s+1 can be viewed as the dual map S
The tangent bundle T F of the flag manifold can be described by the following short exact sequence
The diagonal of g consists of the inclusion maps S
, and the subdiagonal above the diagonal consists of the dual maps S
The deformed tangent bundle is defined by deforming the map g in (25) . Before discussing the deformation, let's first look at the structure of the ordinary cohomology.
Quantum cohomology
In this subsection we describe the structure of the ordinary quantum cohomology of flag manifolds. We will give a representation suitable for generalization to the (0,2) case.
First, we need to introduce some notations. All the cohomology rings we talk about in this paper are actually graded algebras. For a set of homogeneous elements We use x (s) i
to denote the i-th Chern class of S s /S s−1 for s = 1, · · · , n + 1, where
is with s = 1, · · · , n + 1 and i s = 1, · · · , k s − k s−1 , i.e. the quantum cohomology of
The ideal of relations I q is generated by the coefficients of λ in the polynomial λ N − det(H + λI) [10] , where H is the N × N matrix 
For any integer l such that 1 ≤ l ≤ n and n + 1 variables X 1 , · · · , X n+1 , define
Expanding the determinant along the lines shows
up to signs that can be absorbed through redefinition of the q l 's, where
s(n) = n/2 for even n and s(n) = (n + 1)/2 for odd n. By setting λ = 1, we see the relations in I q are given by
with deg(q s ) = k s+1 − k s−1 . In the classical limit, i.e. q s → 0 for all s = 1, · · · , n, (27) reduces to the relation of classical cohomology of F (k 1 , k 2 , · · · , k n , N):
Now we give another representation of the quantum cohomology of F (k 1 , k 2 , · · · , k n , N), which has a form more suitable for (0,2) generalization. First we extend the set of generators by allowing the subscript of x (s) i to take all positive integers. We claim that (26) is isomorphic to
where I is generated by the homogeneous components of
and R is generated byx
r and
for s = 2, · · · , n + 1 and y
(s)
r is defined to satisfy
(26) and (28) are obviously equivalent in the classical limit. Now we show these two representations are equivalent for arbitrary q s .
Plugging the expression above in the relation (29), we get
By using the definition of [y (s) ] (31), the left hand side of the identity above can be shown to be equal to
Comparing to (27) , we see (28) is isomorphic to (26) for arbitrary q s . We will see the quantum sheaf cohomology has the same form as (28) with the ideal R deformed and we have shown that, on the (2,2) locus, the quantum sheaf cohomology reduces to the ordinary quantum cohomology (26).
Deformed tangent bundle
The deformed tangent bundle of F (k 1 , k 2 , · · · , k n , N) can be described by turning on (0,2) deformations of the GLSM. Again, these deformations are encoded in the E-functions. Denote by Λ i,i+1 the Fermi multiplet corresponding to the chiral multiplet Φ i,i+1 , i.e. Λ i,i+1 and Φ i,i+1 combine to give the (2,2) chiral multiplet when the deformations are turned off. Up to field redefinitions, the E-functions with the most general linear deformations are given by
where we have suppressed the gauge indices. Σ s is the chiral multiplet in the adjoint representation of U(k s ). The parameters u s t are constants and A t are N × N matrices. When A t = u s t = 0, we recover the N = (2, 2) theory.
The deformed tangent bundle E is defined by the following short exact sequence
Comparing to (25), we see g ′ − g is given by
Generally speaking, the dimension of the moduli space of (0,2) deformation is not the same as the number of parameters in the E-functions. The actual dimension of the moduli space is given by the dimension of the cohomology group H 1 (X, End T X) for target space X. For example, the Grassmannian G(k, N) has 3 dimH 1 (G(k, N) , End T G(k, N)) = N 2 −1, but there are N 2 parameters encoded in the matrix A in (1). Actually, the deformed tangent bundle is isomorphic to the tangent bundle when A is proportional to the identity matrix [7, 8] . This accounts for the difference between the dimension of the moduli space and the number of constants parameterizing the (0,2) deformation. This difference also exists in the case of general flag manifolds. When X = F (k 1 , k 2 , · · · , k n , N), since there are n(n−1)+nN 2 parameters in (32), one should expect
We leave an explicit computation of H 1 (X, End T X) to future work.
Coulomb branch
As in the previous examples, once we get the classical relations, the quantum relations can be obtained by using the equations of motion derived from the one-loop effective J-functions on the Coulomb branch.
At a generic point of the Coulomb branch, the gauge group is broken to n s=1 U(1) ks . The massless degrees of freedom are the diagonal entries of σ (s) , s = 1, · · · , n. We denote by σ 
On the (2,2) locus, we interpret σ 
For fixed s ≤ n, the degree r component of [
, which is the degree r elementary symmetric polynomial in σ (s) up to sign. Consequently, all the polynomials invariant under the permutation of (σ
ks ) for all s can be generated by
Note that (31) implies
According to (8) , the equations of motion on the Coulomb branch read
Quantum sheaf cohomology
The quantum sheaf cohomology of F (k 1 , k 2 , · · · , k n ) take the form of (28) . As before, I is independent of the deformation and is generated by the homogeneous components of
One can compute that b 0 defined in (6) is given by 
From (35) and
we get
for r > 0, where we have used (13) . From the formula above, (37) and
we obtain
for s = 1, · · · , n, which recovers the (2,2) quantum relations (30) from (36) up to signs that can be absorbed in q s .
Now we turn on (0,2) deformation. We follow our previous method and replace m 
From (34), we see m
. Thus we have
).
Then in the generic case, (38) becomes
Therefore if we define
is in the (0,2) case for s = 2, · · · , n and i s > k s − k s−1 .
Another set of relations is obtained by modifying the second equation of (38) . In the (0,2) case, since det
, the right hand side of (38) becomes
If we define
in the (0,2) case for i > N − k n .
Quantum corrections can be incorporated by using (37) and
Now it is easy to see that if we definẽ
for s = 2, · · · , n + 1, then the quantum sheaf cohomology ring of F (k 1 , k 2 , · · · , k n , N) with deformation given by (32) is
Note that for any t and r,R
r is invariant under the permutation of (σ
ks ) for all s, thus from the discussion below (35) , it is indeed a polynomial in the generators.
Dual deformation
If we turn on a (0,2) deformation on F (k 1 , k 2 , · · · , k n , N) defined by parameters u s t and A t , there should be a corresponding deformation defined by u 
GLSM with (0,2) supersymmetry. The quiver diagrams of the two theories are
where k ′ i = N − k n+1−i , solid arrows represent chiral multiplets and dashed arrows represent fermi multiplets. In this section, we study the relationship between (u, A) and (u ′ , A ′ ) through the quantum sheaf cohomology. We start with the duality of Grassmannians.
Dual deformation of products of Grassmannians
Suppose that the deformation on G(k, N) is given by an N × N matrix A as in (1) . Under the duality, the short exact sequence dualizes to
, which does not have a direct physical realization. But since E ′ is a deformed tangent bundle over G (N − k, N) , it should be equivalently described by a short exact sequence in the form of (2) with some deformation given by A ′ . If A and A ′ define isomorphic deformed tangent bundles, the sheaf cohomology rings must also be isomorphic. The two rings are given by
as in (9), and
respectively. I ′ is generated by the homogeneous components of
On the (2,2) locus, x i and y i are Chern classes of S and Q, the isomorphism between the rings is thus given by the following
To make the notation succinct, we take the redefinition x
. This does not change the representation of the ring and the isomorphism now reads
Off the (2,2) locus, the isomorphism becomes
We write
Consequently, the isomorphism of the rings suggests y
As a consistency check, we perform the duality twice and get This method can be generalized to products of Grassmannians. Assume that the deformation on G(k 1 , N 1 ) × G(k 2 , N 2 ) is given by N 1 × N 1 matrices A, B and N 2 × N 2 matrices C, D as in (15) . The quantum sheaf cohomology is given by (22) . On the other hand, the deformation on G (N 1 − k 1 , N 1 
We take
and correspondingly on the dual side. The isomorphism is given by
from which we get
as (40) by identifying q i with q ′ i . This implies
up to linear transformation of C N . From the degree one terms of (42) we get the equations
which can be solved to give
Because y s1 = −x s1 , (44) means
Then we see from (43) that the dual deformations are related by
We can also take duality on only one of the Grassmannians. For example, the same method leads to N 2 ) , and
From (24) , the same method can be generalized to G(k 1 , N 1 )×G(k 2 , N 2 )×· · ·×G(k n , N n ). We just state the result for later use.
where the prime indicates the corresponding quantities on the dual side and we have used the fact that [
In the classical limit, one can deduce
Actually, by taking
one can show that (47) still holds even when quantum corrections are taken into account. This implies
up to linear transformation of C N . Taking the degree one terms on both sides of (46), we get
(49) (35) yields
Together with (49), these identities give rise to the relationship between Trσ a and Trσ
which enables us to express Trσ a in terms of Trσ ′ a and vise versa. Then (48) tells us that the two deformations are related by
Obviously, this result recovers (41) when n = 1.
Actually (50) can be obtained from another approach which generalizes to the case with nonzero u and u ′ . We now turn to the discussion of this approach.
Consider the embedding
which sends a flag
However, the two tangent bundles can also be deformed in a lock-up fashion. Specifically, for any deformed tangent bundle E of the flag manifold, there is a deformed tangent bundlẽ E of the ambient space such that the quotientẼ/E is isomorphic to the normal bundle N of the flag manifold inside the product of Grassmannians. IfẼ ′ is the deformed tangent bundle over 
where we have used (32) .
According to (23), (52) tells us that the deformed tangent bundleẼ of G(k 1 , N) × · · · × G(k n , N) is given by the N × N matrices A st as in (23) Then the result of section 4.1 shows
with T defined by
Equivalently, if we define 
Conclusions
In this paper we have proposed a method to compute the ring structure of quantum sheaf cohomology associated with (0,2) GLSMs with (2,2) locus. We applied this method to products of Grassmannians and flag manifolds, which are described by nonabelian gauge theories, and represented the quantum sheaf cohomology rings in terms of generators and relations (24) (39). We used our result to derive the dual deformations associated with the biholomorphic duality of flag manifolds (45) (54). Our description breaks down on codimension-one subvarieties of the moduli space of (0,2) deformations. These degenerate loci do not intersect the (2,2) locus.
There are a couple of open questions remaining. We did not compute the dimension of the moduli space of (0,2) deformation. The number of parameters we used to describe the deformation should be greater than the actual dimension of the moduli space in general. The ring structure of the quantum sheaf cohomology has not been proved mathematically even for Grassmannians. Such proof should in principle involve techniques of sheaf theory on Quot schemes. However, a purely mathematical derivation of the classical sheaf cohomology ring of flag manifolds should be a generalization of the derivation for Grassmannians in [7] . A mathematical proof of the dual deformation and the computation of quantum sheaf cohomology associated with (0,2) theories without (2,2) locus are left for the future.
